
+ȩȘɾɟȩȀ ëʿɯɾƚȒɯ v
�ǞȘƚŏɟ ßʕŏƇɟŏɾǞż áƚǃʕȀŏɾȩɟ

+ȩȀǞȘ �ȩȘƚɯ

�ŏųȩɟŏɾȩǞɟƚ Ƈ࢈�ʕɾȩȒŏɾǞɛʕƚ

ߝ

�ǞȘƚŏɟ ßʕŏƇɟŏɾǞż áƚǃʕȀŏɾȩɟ

bȩŏȀࡇ �ȩʲƚ ǀɟȩȒ ɯɾŏɾƚ x ɾȩ ɾǕƚ ȩɟǞǃǞȘࡏ ࡈࡏƚࡏǞ࡫ Ǻƚƚɔ x ࡬࢈ɯȒŏȀȀࢇ

ẋ = Ax+Bu

Cʾɔɟƚɯɯ ɾǕƚ ࢈żȩɯɾࢇ ȩǀ ųƚǞȘǃ ǞȘ ɯɾŏɾƚ x ŏȘƇ ŏɔɔȀʿǞȘǃ ǞȘɔʕɾ u ʶǞɾǕ ɾǕƚ ǀʕȘżɾǞȩȘ

l(x, u) = xTQx+ uTRu

÷Ǖƚ ɾȩɾŏȀ ࢈żȩɯɾࢇ ȩǀ ǀȩȀȀȩʶǞȘǃ ŏ ɔŏɟɾǞżʕȀŏɟ ɾɟŏǲƚżɾȩɟʿ Ǟɯ ɾǕƚȘ

V (x, u) =

∫ ∞

0

x(t)TQx(t) + u(t)TRu(t)dt

�ɯɯʕȒƚࡇ R ! ࡈ0 Q " 0 ࡈࡏƚࡏǞ࡫ R Ǟɯ ɔȩɯǞɾǞʲƚ Ƈƚ˙ȘǞɾƚࡈ ŏȘƇ Q Ǟɯ ɔȩɯǞɾǞʲƚ ɯƚȒǞࡷƇƚ˙ȘǞɾƚ࡬
�ßáࡇ _ǞȘƇ ɾǕƚ ࢈ųƚɯɾࢇ ɾɟŏǲƚżɾȩɟʿ

min
u

V (x(t), u(t))

ɯࡏɾࡏ ẋ(t) = Ax(t) +Bu(t)

ߞ

�ȩɾǞʲŏɾǞȩȘ ǀȩɟ �ßá

+ȩȘɯǞƇƚɟ ɾǕƚ ɯʿɯɾƚȒ

ẋ = Ax+Bu y = Cx

4ƚ˙Șƚ Q = CTC ŏȘƇ R = ρI ࡏ Ħƚ ŏɟƚ ȒǞȘǞȒǞˌǞȘǃ ɾǕƚ żȩɯɾ

V (x, u) =

∫ ∞

0

x(t)TQx(t) + u(t)TRu(t)dt

=

∫ ∞

0

y(t)2 + ρu(t)2

Ħƚ࢈ɟƚ ȒǞȘǞȒǞˌǞȘǃ ɾǕƚ ɟƚȀŏɾǞʲƚ ƙȗƙɛǂʻ ǞȘ ɾǕƚ ǞȘɔʕɾ ŏȘƇ ȩʕɾɔʕɾ ɯǞǃȘŏȀɯ

�ŏɟǃƚ ρ → ɯȒŏȀȀ ǞȘɔʕɾ ƚȘƚɟǃ ʿࡈ ȩʕɾɔʕɾ ʶƚŏǺȀʿ żȩȘɾɟȩȀȀƚƇ
ëȒŏȀȀ ρ → Ȁŏɟǃƚ ǞȘɔʕɾ ƚȘƚɟǃ ʿࡈ ȩʕɾɔʕɾ ɯɾɟȩȘǃȀʿ żȩȘɾɟȩȀȀƚƇ

�ȩɾƚࡇ �Șʿ ȒǞȘǞȒŏȀ ɯȩȀʕɾǞȩȘ ȑʑɫɺ ųƚ ɯɾŏųȀƚ ࡕ ɾŏǺƚ ɾǕƚ ɯɾŏɾƚ ɾȩ ɾǕƚ ȩɟǞǃǞȘࡏ
ĦǕʿࡐ �Șʿ ȘȩȘࡷˌƚɟȩ ɯɾƚŏƇʿࡷɯɾŏɾƚ ɯȩȀʕɾǞȩȘ ʶǞȀȀ ɟƚɯʕȀɾ ǞȘ ŏȘ ǞȘ˙ȘǞɾƚ żȩɯɾ V (x, u)

ߟ

�ȩɾǞʲŏɾǞȩȘ ǀȩɟ �ßá

+ȩȘɯǞƇƚɟ ɾǕƚ ɯʿɯɾƚȒ

ẋ = Ax+Bu y = Cx

4ƚ˙Șƚ Q = CTC ŏȘƇ R = ρI ࡏ Ħƚ ŏɟƚ ȒǞȘǞȒǞˌǞȘǃ ɾǕƚ żȩɯɾ

V (x, u) =

∫ ∞

0

x(t)TQx(t) + u(t)TRu(t)dt

=

∫ ∞

0

y(t)2 + ρu(t)2

Ħƚ࢈ɟƚ ȒǞȘǞȒǞˌǞȘǃ ɾǕƚ ɟƚȀŏɾǞʲƚ ƙȗƙɛǂʻ ǞȘ ɾǕƚ ǞȘɔʕɾ ŏȘƇ ȩʕɾɔʕɾ ɯǞǃȘŏȀɯ

áƚŏȀ ȒȩɾǞʲŏɾǞȩȘ

ࡄ ĦȩɟǺɯ ʶƚȀȀ ǞȘ ɔɟŏżɾǞżƚ
ࡄ ĦȩɟǺɯ ɯƚŏȒȀƚɯɯȀʿ ǀȩɟ ȒʕȀɾǞࡷǞȘɔʕɾࡈ ȒʕȀɾǞࡷȩʕɾɔʕɾ ɯʿɯɾƚȒɯ
ࡄ Ħƚ żŏȘ ɯȩȀʲƚ Ǟɾ ʲƚɟʿ࡫ żȩȒȒȩȘ ȒȩɾǞʲŏɾǞȩȘ ǞȘ żȩȘɾɟȩȀ࡬ࡋ
ࡄ ëȩȀʕɾǞȩȘ Ǟɯ ɯǞȒɔȀƚࡈ ŏȘƇ ƚŏɯʿ ɾȩ ǞȒɔȀƚȒƚȘɾ ǞȘ ƚȒųƚƇƇƚƇ żȩȘɾɟȩȀȀƚɟ

ߟ



�ßá ࡷ ëȩȀʕɾǞȩȘ

�ǞȘƚŏɟ ßʕŏƇɟŏɾǞż áƚǃʕȀŏɾȩɟ

+ȩȘɯǞƇƚɟ ŏ ȀǞȘƚŏɟ ȒʕȀɾǞʲŏɟǞŏųȀƚ ɯʿɯɾƚȒ ẋ(t) = Ax(t) +Bu(t)ࡏ +ȩȒɔʕɾƚ żȩȘɾɟȩȀ Ȁŏʶ
u(t) = −Kx(t) ɯʕżǕ ɾǕŏɾ ɾǕƚ ǀȩȀȀȩʶǞȘǃ ɔƚɟǀȩɟȒŏȘżƚ żɟǞɾƚɟǞȩȘ Ǟɯ ȒǞȘǞȒǞˌƚƇ

min
u

∫ ∞

0

x(t)TQx(t) + u(t)TRu(t)dt

ɯࡏɾࡏ ẋ(t) = Ax(t) +Bu(t)

ʶǕƚɟƚ R Ǟɯ ɔȩɯǞɾǞʲƚ Ƈƚ˙ȘǞɾƚࡈ ŏȘƇ Q Ǟɯ ɔȩɯǞɾǞʲƚ ɯƚȒǞࡷƇƚ˙ȘǞɾƚࡏ

°ɔɾǞȒŏȀ ëȩȀʕɾǞȩȘ

÷Ǖƚ ȩɔɾǞȒŏȀ żȩȘɾɟȩȀȀƚɟ Ǟɯ u(t) = −Kx(t) ʶǕƚɟƚ

K = −R−1BTP

ŏȘƇ P = PT ! 0 Ǟɯ ɾǕƚ ɯȩȀʕɾǞȩȘ ȩǀ ɾǕƚ ǀȩȀȀȩʶǞȘǃ Úǝżżŏɺǝ Aɗʑŏɺǝȧȗ

ATP + PA− PBR−1BTP +Q = 0

ߠ

Úɟȩȩǀ ëǺƚɾżǕ

Ħƚ ʶŏȘɾ ɾȩ ȒǞȘǞȒǞˌƚ ɾǕƚ ǀʕȘżɾǞȩȘ

JLQR =

∫ ∞

0

x(t)TQx(t) + u(t)TRu(t)dt

vƇƚŏࡇߝ

Ħƚ ʶǞȀȀ ˙ɟɯɾ ʶɟǞɾƚ Ǟɾ ŏɯ

JLQR = J0 +

∫ ∞

0

(u(t)− u0(t))
TR(u(t)− u0(t))dt

ǀȩɟ ɯȩȒƚ u0ࡈ ʶǕƚɟƚ J0 Ƈȩƚɯ Șȩɾ ƇƚɔƚȘƇ ȩȘ ɾǕƚ żȩȘɾɟȩȀ Ȁŏʶ żǕȩɯƚȘࡏ

_ɟȩȒ ɾǕǞɯ ʶƚ żŏȘ ɯƚƚ ɾǕŏɾ ɾǕƚ ȩɔɾǞȒŏȀ ǞȘɔʕɾ Ǟɯ u(t) = u0(t)ࡏ

ɟƚ࢈Ħƚߝ ǀȩȀȀȩʶǞȘǃ ɾǕƚ ɔɟȩȩǀ ȩǀ �ȩŏȩ Úࡏ mƚɯɔŏȘǕŏ ɾȩ ŏʲȩǞƇ ʲŏɟǞŏɾǞȩȘŏȀ ŏȘŏȀʿɯǞɯ

ߡ

_ƚƚƇųŏżǺ vȘʲŏɟǞŏȘɾɯ

� ɛʕŏȘɾǞɾʿ Ǟɯ żŏȀȀƚƇ ŏ ƿƙƙƆųŏżǹ ǝȗʮŏɛǝŏȗɺ Ǟǀ Ǟɾɯ ʲŏȀʕƚ Ƈȩƚɯ Șȩɾ ƇƚɔƚȘƇ ȩȘ ɾǕƚ żǕȩǞżƚ
ȩǀ ɾǕƚ żȩȘɾɟȩȀ ǞȘɔʕɾ u(t), t ≥ ࡏ0
�ƚȒȒŏࡇ _ƚƚƇųŏżǺ vȘʲŏɟǞŏȘɾ
�ƚɾ P ųƚ ŏ ɯʿȒȒƚɾɟǞż ȒŏɾɟǞʾࡏ _ȩɟ ƚʲƚɟʿ żȩȘɾɟȩȀ ǞȘɔʕɾ u(t)ࡈ t ∈ [0,∞] ǀȩɟ ʶǕǞżǕ
x(t) → 0 ŏɯ t → ࡈ∞ ʶƚ Ǖŏʲƚ ɾǕŏɾ

∫ ∞

0

xT (ATP + PA)x+ 2xTPBudt = −x(0)TPx(0)

Úɟȩȩǀࡇ∫ ∞

0

xT (ATP + PA)x+ 2xTPBudt =

∫ ∞

0

(xTAT + uTBT )Px+ xTP (Ax+Bu)dt

=

∫ ∞

0

ẋTPx+ xTP ẋdt

=

∫ ∞

0

d(xTPx)
dt

dt

= lim
t→∞

xT (t)Px(t)− x(0)TPx(0)

ߢ

ëɛʕŏɟƚ +ȩȒɔȀƚɾǞȩȘ

JLQR =

∫ ∞

0

x(t)TQx(t) + u(t)TRu(t)dt

�ƇƇ ŏȘƇ ɯʕųɾɟŏżɾ ȩʕɟ ǀƚƚƇųŏżǺ ǞȘʲŏɟǞŏȘɾ

= x(0)TPx(0) +

∫ ∞

0

xTQx+ uTRu+ xT (ATP + PA)x+ 2xTPBudt

áƚࡷʶɟǞɾƚ ɾǕƚ ɾƚɟȒɯ ǞȘʲȩȀʲǞȘǃ u

uTRu+ 2xTPBu = (u− u0)
TR(u− u0)− xTPBR−1BTPx

ʶǕƚɟƚ u0 = −R−1BTPx

ĦǕǞżǕ ǃǞʲƚɯ ʕɯ

JLQR = x(0)TPx(0)+

∫ ∞

0

xTQx+ xT (ATP + PA)x− xTPBR−1BTPxdt

+

∫ ∞

0

(u− u0)
TR(u− u0)dt

ߣ



ëɛʕŏɟƚ +ȩȒɔȀƚɾǞȩȘ

JLQR = x(0)TPx(0)+

∫ ∞

0

xTQx+ xT (ATP + PA)x− xTPBR−1BTPxdt

+

∫ ∞

0

(u− u0)
TR(u− u0)dt

Ħƚ ɯƚƚ ɾǕŏɾ ɾǕƚ ȩɔɾǞȒŏȀ ɯȩȀʕɾǞȩȘ Ǟɯ

u = u0 = −Kx K = R−1BTP

ŏȘƇ

Q+ATP + PA− PBR−1BTP = 0

ߤ

CʾŏȒɔȀƚ

+ȩȒɔʕɾƚ ȀǞȘƚŏɟ żȩȘɾɟȩȀȀƚɟ ɾȩ ȒǞȘǞȒǞˌƚ ɾǕƚ żȀȩɯƚƇࡷȀȩȩɔ ɔƚɟǀȩɟȒŏȘżƚ ȒƚɾɟǞż

Q = q4CTC R = 1

ǀȩɟ ɾǕƚ ɯʿɯɾƚȒ G(s) = 1
s2
ࡈ ʶǕȩɯƚ ɯɾŏɾƚࡷɯɔŏżƚ ɟƚɔɟƚɯƚȘɾŏɾǞȩȘ Ǟɯ

ẋ =

[
0 0

1 0

]
x+

[
1

0

]
u

y =
[
0 1

]
x

ߥ

CʾŏȒɔȀƚ

ëȩȀʲƚ ɾǕƚ �áC ATP + PA− PBR−1BTP +Q = 0

[
0 0

1 0

]T [
P1 P2

P2 P3

]
+

[
P1 P2

P2 P3

][
0 0

1 0

]

−
[
P1 P2

P2 P3

][
1

0

][
1

0

]T [
P1 P2

P2 P3

]
+

[
0 0

0 q4

]
= 0

÷ǕǞɯ ɟƚɯʕȀɾɯ ǞȘ ǀȩʕɟ ƚɛʕŏɾǞȩȘɯ

−P 2
1 + 2P2 = 0

P3 − P1P2 = 0

P3 − P1P2 = 0

q4 − P 2
2 = 0

ߜߝ

CʾŏȒɔȀƚ

ëȩȀʲǞȘǃ ǃǞʲƚɯ

P =

[√
2q q2

q2
√
2q3

]

�ȩɾƚ࡫ ɾǕŏɾ ʶƚ࢈ʲƚ ɯƚȀƚżɾƚƇ ɾǕƚ ɟƚŏȀࡈ ɔȩɯǞɾǞʲƚ Ƈƚ˙ȘǞɾƚ ɯȩȀʕɾǞȩȘ࡬

÷Ǖƚ żȩȘɾɟȩȀȀƚɟ Ǟɯ

K = R−1BTP =
[
1 0

] [√2q q2

q2
√
2q3

]
=

[√
2q q2

]

ߝߝ



+ȀȩɯƚƇࡷȀȩȩɔ ëʿɯɾƚȒ

÷Ǖƚ żȀȩɯƚƇࡷȀȩȩɔ ɯʿɯɾƚȒ Ǟɯ

ẋ = (A−BK)x =

[
−
√
2q −q2

1 0

]
x

y =
[
0 1

]
x

ĦǕǞżǕ Ǖŏɯ ɔȩȀƚɯ ŏɾ q 1√
2
(−1± i)

Ħƚ ɯƚƚ ɾǕŏɾ

ࡄ �ɯ q → ࡈ0 ɾǕƚ ǞȘɔʕɾ ƚȘƚɟǃʿ Ǟɯ ƇȩȒǞȘŏȘɾࡈ ŏȘƇ ɾǕƚ żȀȩɯƚƇࡷȀȩȩɔ ɔȩȀƚɯ ųƚżȩȒƚ ɾǕƚ
ȩɔƚȘࡷȀȩȩɔ ɔȩȀƚɯ

ࡄ �ɯ q ųƚżȩȒƚɯ Ȁŏɟǃƚࡈ ɾǕƚ ȩʕɾɔʕɾ ƚȘƚɟǃʿ Ǟɯ ƇȩȒǞȘŏȘɾࡈ ŏȘƇ ɾǕƚ ɯʿɯɾƚȒ ɯɔƚȘƇɯ
Ȓȩɟƚ ǞȘɔʕɾ ƚȘƚɟǃʿ ɾȩ ųɟǞȘǃ ɾǕƚ ǞȘɔʕɾ ɾȩ ˌƚɟȩ ǀŏɯɾƚɟ

ߞߝ

�ƇƇ áƚǀƚɟƚȘżƚ vȘɔʕɾ

�ƇƇ ŏ ɟƚǀƚɟƚȘżƚ ǞȘɔʕɾ ɾȩ ɾǕƚ ɯʿɯɾƚȒ

ẋ =

[
−
√
2q −q2

1 0

]
x+

[
1

0

]
N̄r

y =
[
0 1

]
x

Ħƚ ʶŏȘɾ ɾȩ ɯɾƚŏƇʿࡷɯɾŏɾƚ ǃŏǞȘ ųƚɾʶƚƚȘ r ŏȘƇ y ɾȩ ųƚ ȩȘƚ ࡈࡏƚࡏǞ࡫ y = r ŏɾ ɯɾƚŏƇʿࡷɯɾŏɾƚ࡬

0 =

[
−
√
2q −q2

1 0

]
x+

[
1

0

]
N̄r → x = −

[
−
√
2q −q2

1 0

]−1 [
1

0

]
N̄r

y =
[
0 1

]
x = −

[
0 1

] [−
√
2q −q2

1 0

]−1 [
1

0

]
N̄r

Ħƚ żǕȩȩɯƚ N̄ ɯʕżǕ ɾǕŏɾ y = r

1 = −
[
0 1

] [−
√
2q −q2

1 0

]−1 [
1

0

]
N̄

=
1
q2

N̄

ëȩ N̄ = q2 ߟߝ

ëɾƚɔ áƚɯɔȩȘɯƚ
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ߠߝ

+ǕȩǞżƚ ȩǀ ĦƚǞǃǕɾɯ

ĦƚǞǃǕɾɯ ŏɟƚ ʕɯʕŏȀȀʿ ƇƚɾƚɟȒǞȘƚƇ ɾǕɟȩʕǃǕ ŏ ɾɟǞŏȀࡷŏȘƇࡷƚɟɟȩɟ ɔɟȩżƚɯɯࡈ ųʕɾ ŏ ǃȩȩƇ ǞȘǞɾǞŏȀ
ɯƚɾɾǞȘǃ Ǟɯ ǃǞʲƚȘ ųʿ $ɟʿɯȩȘ࢈ɯ ɟʕȀƚࡏ

$ɟʿɯȩȘ࢈ɯ ɟʕȀƚ ɯżŏȀƚɯ ɾǕƚ ʲŏɟǞŏųȀƚɯ ɯȩ ɾǕŏɾ ɾǕƚ ȒŏʾǞȒʕȒ ŏżżƚɔɾŏųȀƚ ʲŏȀʕƚ ǀȩɟ ƚŏżǕ
ɾƚɟȒ Ǟɯ ȩȘƚࡏ

+Ǖȩȩɯƚ ƇǞŏǃȩȘŏȀ Q ŏȘƇ R ʶǞɾǕ

Qii =
1

ȒŏʾǞȒʕȒ ŏżżƚɔɾŏųȀƚ ʲŏȀʕƚ ȩǀ x2
i

Rjj =
1

ȒŏʾǞȒʕȒ ŏżżƚɔɾŏųȀƚ ʲŏȀʕƚ ȩǀ u2
j

ëɾŏɟɾ ʶǞɾǕ $ɟʿɯȩȘ࢈ɯ ɟʕȀƚࡈ ŏȘƇ ɾǕƚȘ ǞȘżɟƚŏɯƚ ȩɟ Ƈƚżɟƚŏɯƚ ɾǕƚ ƇǞŏǃȩȘŏȀ ʲŏȀʕƚɯ ɾȩ
ǞȘżɟƚŏɯƚ ȩɟ Ƈƚżɟƚŏɯƚ ɾǕƚ żȩȘʲƚɟǃƚȘżƚ ɟŏɾƚɯ ȩǀ ɾǕƚ żȩɟɟƚɯɔȩȘƇǞȘǃ ɯɾŏɾƚɯࡏ

ߡߝ



�ßá ǞȘ �ŏɾȀŏų





ẋ

ẍ

θ̇

θ̈




=





0 1 0 0

0 −0.1818 2.6727 0

0 0 0 1

0 −0.4545 31.1818 0









x

ẋ

θ

θ̇




+





0

1.8182

0

4.5455




u

y =

[
1 0 0 0

0 0 1 0

]




x

ẋ

θ

θ̇





°ųǲƚżɾǞʲƚɯ ǀȩɟ ŏ 0.2m ɯɾƚɔ ǞȘ żŏɟɾ ɔȩɯǞɾǞȩȘ x ŏɟƚࡇ
ࡄ ëƚɾɾȀǞȘǃ ɾǞȒƚ ǀȩɟ x ŏȘƇ θ ȩǀ Ȁƚɯɯ ɾǕŏȘ ߡ ɯƚżȩȘƇɯ
ࡄ áǞɯƚ ɾǞȒƚ ǀȩɟ x ȩǀ Ȁƚɯɯ ɾǕŏȘ ߡࡏߜ ɯƚżȩȘƇɯ
ࡄ ÚƚȘƇʕȀʕȒ ŏȘǃȀƚ θ Șƚʲƚɟ Ȓȩɟƚ ɾǕŏȘ ߜߞ Ƈƚǃɟƚƚɯ
ߡߟࡏߜ࡫ ɟŏƇǞŏȘɯ࡬ ǀɟȩȒ ɾǕƚ ʲƚɟɾǞżŏȀ

ࡄ ëɾƚŏƇʿࡷɯɾŏɾƚ ƚɟɟȩɟ ȩǀ Ȁƚɯɯ ɾǕŏȘ ࣷߞ ǀȩɟ x ŏȘƇ θ

ߢߝ

+ȩȘżȀʕɯǞȩȘ

ࡄ 4ƚ˙Șƚ ɾǕƚ ųƚǕŏʲǞȩʕɟ ɾǕŏɾ ʶƚ ʶŏȘɾ ɾȩ ŏżǕǞƚʲƚ ʲǞŏ ŏ ʮŏǿʑƙ ƿʑȗżɺǝȧȗ
ࡄ +Ǖȩȩɯƚ ɾǕƚ żȩȘɾɟȩȀ Ȁŏʶ ɾǕŏɾ ȒǞȘǞȒǞˌƚɯ ɾǕƚ ʲŏȀʕƚ ǀʕȘżɾǞȩȘ
ࡄ �ßá Ǟɯ ʲƚɟʿ ƚǀǀƚżɾǞʲƚ ųƚżŏʕɯƚࡇ

ࡄ ÷Ǖƚ ȩɔɾǞȒŏȀ żȩȘɾɟȩȀȀƚɟ Ǟɯ ȀǞȘƚŏɟ
ࡄ ÷Ǖƚ ʲŏȀʕƚ ǀʕȘżɾǞȩȘ Ǟɯ ǞȘɾʕǞɾǞʲƚ ɾȩ ɾʕȘƚ

ߣߝ


